Transient grating (TG) spectroscopy is an important experimental technique to measure mean-free-path (MFP) spectra using observations of quasiballistic heat conduction. To obtain MFP spectra, the measurements must be interpreted within the framework of the frequency-dependent Boltzmann transport equation (BTE), but previous solutions have restricted validity due to simplifying assumptions. Here we analyze heat conduction in TG using a new analytical solution of the frequency-dependent BTE that accurately describes thermal transport from the diffusive to ballistic regimes. We demonstrate that our result enables a more accurate measurement of MFP spectra and thus will lead to an improved understanding of heat conduction in solids.
I. INTRODUCTION
Quasiballistic heat conduction occurs if a temperature gradient exists over length scales comparable to phonon mean free paths (MFPs) [1, 2] . In this regime, local thermal equilibrium does not exist and Fourier's law is no longer valid. Presently, quasiballistic transport is under investigation due to its potential to infer information about the MFPs of thermal phonons [3] , knowledge of which is crucial to engineer thermal conductivity but remains unknown for most solids [4, 5] .
Quasiballistic transport was originally observed in macroscopic samples using heat pulse experiments [6] and later in silicon membranes using a microfabricated platform [7] . Nonlocal theories of heat conduction based on the Boltzmann transport equation (BTE) were introduced to describe the quasiballistic regime for phonons [8] [9] [10] and electrons [11] . Koh and Cahill reported modulation-frequency-dependent thermal conductivities in a time-domain transient thermoreflectance (TDTR) experiment that they attributed to quasiballistic transport and suggested that the meansurements could be used to measure MFPs. Recently, quasiballistic transport has been observed in other experimental configurations [12] [13] [14] [15] . Minnich introduced a reconstruction technique that described how to quantitatively recover the MFP spectra from observations of quasiballistic heat transfer [3] .
One notable experimental method for observing quasiballistic transport is the transient thermal grating (TTG) technique [15] [16] [17] , in which the interference of two laser pulses creates a sinusoidal initial temperature profile with wavelength λ. The observed thermal decay yields information about the thermal properties of the material. Recent work has demonstrated that these measurements can also reveal MFPs if the grating wavelength is comparable to MFPs, but interpreting measurements using the reconstruction method introduced by Minnich requires a solution of the BTE. A previous work reported a modified "two-channel" model [16] , in which lowand high-frequency phonons are described by the BTE and heat equation, respectively, but the extent of the validity of this model is unclear. An analysis within the framework of the BTE [18] has been recently reported but the analysis of the * aminnich@caltech.edu frequency-dependent BTE was solely numerical, complicating its use for the reconstruction method.
Here, we analyze thermal transport in TTG using a new analytical solution to the frequency-dependent BTE that is valid over the full range of the ballistic to diffusive regimes. Our analysis demonstrates the existence of weakly and strongly quasiballistic transport regimes that are distinguished by the thermal decay time relative to the phonon relaxation times. We provide theoretical justification for the use of a modified diffusion theory to interpret observations of quasiballistic transport. Finally, we use our solution to derive a corrected suppression function that enables phonon MFP spectra to be measured more accurately. Our results will lead to a better understanding of phonon heat conduction in solids like thermoelectrics.
II. MODELLING
Thermal transport in a TTG experiment, assuming only in-plane heat conduction, is described by the 1D frequencydependent BTE [2] ,
where
is the equilibrium distribution function, μ = cos(θ ) is the directional cosine, v ω is the phonon group velocity, and τ ω is the phonon relaxation time. Assuming a small temperature rise, T = T − T 0 , relative to a reference temperature, T 0 , the equilibrium distribution is proportional to T , as shown in Eq. (2). Here, is the reduced Planck constant, ω is the phonon frequency, D(ω) is the phonon density of states, f BE is the Bose-Einstein distribution, and
is the mode specific heat. The volumetric heat capacity is then given by C = C ω v ω ω and ω = τ ω v ω is the phonon MFP. To close the problem, energy conservation is used to relate g ω to T , given by
where is the solid angle in spherical coordinates and ω m is the cut-off frequency. Note that summation over phonon branches is implied without an explicit summation sign whenever an integration over phonon frequency or MFP is performed.
Since the initial temperature profile in TTG is sinusoidal, we can assume that both g ω and T are of the form e iqx , where q = 2π/λ is the grating wave vector. Substituting g ω = g ω (t,μ)e iqx and T = T (t)e iqx into Eq. (1) leads to a firstorder ODE for g ω (t), and its solution is given by
where γ = (1 + iqμ ω )/τ ω and g ω (0) is assumed to be independent of μ. Applying the initial condition, g ω (0) = T (0)C ω /(4π ) and substituting Eq. (4) into Eq. (3), we get a semianalytical expression for T (t),
Equation (5) is typically solved numerically by discretizing the integrals and solving a dense linear system, a computationally expensive task. Collins et al. [18] obtained an analytical solution by applying a Fourier transform to the gray form of this equation. Here, we extend the Fourier transform method to the frequency-dependent BTE by observing that the time integral in Eq. (5) has the form of a convolution and thus can be simplified in the frequency domain. By applying a Fourier transform, we are able to decouple the nonlocal effects and obtain the following closed-form expression for the unknown distribution function g ω and transient temperature T :
where F denotes Fourier transform, u(t) is the step function, and ξ is the Fourier variable. The time-domain solution is obtained by inverse fast Fourier transform. Therefore, we have derived an analytical solution to the frequency-dependent BTE that is valid from the ballistic to the diffusive regimes, enabling a more rigorous understanding of thermal transport in TTG. We can gain insight into which parameters determine the transport regime from our solution. From Eq. (8), we identify two nondimensional parameters. One is the familiar phonon Knudsen number Kn ω = q ω , which compares the phonon MFP with a characteristic length, in this case 1/q. To identify the second parameter, we notice that ξ −1 describes a time scale that we assign to be the characteristic thermal decay time .
We can therefore define a new nondimensional parameter that we denote the transient number, given by η ω = τ ω / , which compares the phonon relaxation times with the thermal decay time .
Note that the two parameters are not completely independent. For example, as the grating wavelength decreases, the thermal decay time also decreases. In the diffusion regime the relationship is trivial but in the quasiballistic and ballistic regimes the relationship becomes much more complex. While the Knudsen number can, in principle, completely distinguish the transport regime, we find that the transient number is an additional convenient parameter by which to specify the regime, particularly for quasiballistic transport where the specific Knudsen number at which a transition occurs is not obvious.
Therefore, together, these two numbers completely specify the transport regime. In the diffusive limit, length and time scales are much larger than the phonon MFPs and relaxation times, respectively, corresponding to Kn ω 1 and η ω 1. In the ballistic regime, lengths and times are much smaller than MFPs and relaxation times, or Kn ω 1 and η ω 1. The two regimes are well-understood limits of the BTE [1] . Here, we focus on the intermediate range of the two limits, the quasiballistic regime.
III. RESULTS
To begin, we examine the transient temperature decay in the different regimes as shown in Fig. 1 . We perform our calculations for crystalline silicon, using the experimental dispersion in the [100] direction and assuming the crystals are isotropic. The numerical details concerning the dispersion and relaxation times are given by Minnich's recent work [19] . 
A. Diffusive and ballistic limits
We first confirm that our result correctly reproduces the diffusive and ballistic limits. Examining the limit of Eq. (7) when both phonon relaxation times and MFPs are much smaller than their corresponding characteristic scales (η ω 1 and Kn 2 ω 1), we find that the solution reduces to the Fourier solution and the thermal decay time = (q 2 α) −1 , where α = k/C is the Fourier thermal diffusivity. Figure 1(a) demonstrates that the BTE solution agrees with the Fourier solution in this limit. Similarly, at the ballistic limit (η ω 1 and Kn 2 ω 1) shown in Fig. 1(b) , the transient temperature given by Eq. (7) agrees with the ballistic solution of the BTE in which the relaxation times go to infinity.
B. Weakly quasiballistic regime
We now examine the intermediate quasiballistic regime by allowing the MFPs to be comparable to or greater than the grating wave vector while requiring the thermal decay time to be much longer than relaxation times, Kn 2 ω ∼ 1 but η ω 1. We observe that the BTE solution does not agree with the Fourier's law solution, as shown in Fig. 1(c) . However, we observe that the shape of the temperature decay remains exponential, as in Fourier's law, but with a smaller thermal conductivity. We denote this regime the weakly quasiballistic regime, and the Fourier solution with a modified thermal conductivity as the modified Fourier solution. So far, the validity of the modified Fourier model to describe quasiballistic thermal transport is largely based on experimental observations [15] . The only theoretical approach to explain this observation was developed by Maznev et al. Their modified "two-channel" model assumes that the lowfrequency phonons, which are analyzed by the BTE, only interact with the thermal reservoir of high-frequency phonons, which are analyzed by the diffusion equation. However, the extent of the validity of this assumption is not clear.
Here we give a more rigorous explanation using our solution. Under the assumption of Kn 
We observe that in the denominator of Eq. (7), 1 − A(ξ ) ∼ τ ω and the full asymptotic expression of A(ξ ) should be used while, in the numerator, A(ξ ) can be approximated 1. Therefore, Eq. (7) asymptotically approaches the following form:
where α mod = k mod /C is the apparent thermal diffusivity and k mod is the modified thermal conductivity. Recognizing that Eq. (10) is simply the Fourier transform of an exponential decay, we find T (t) ≈ T (0)exp(−q 2 α mod t). Thus, the formal solution of the BTE is equivalent to a modified diffusion theory with a modified thermal conductivity given by Eq. (10). The thermal decay time = (q 2 α mod ) −1 . We term this simplified solution the weak solution to the BTE, valid in the weakly quasiballistic regime. The modified thermal conductivity is the same expression given by Maznev et al. [16] . Most recent experimental observations of quasiballistic transport have occurred in this weakly quasiballistic regime. For instance, in the TTG measurement of silicon membranes reported by Johnson et al. [15] , the typical Kn ω ≈ 2.5 and η ω ∼ O(0.01), based on the median thermal phonon MFP at the room temperature. Therefore, their measurements fall into the weakly quasiballistic regime and a modified Fourier solution should explain the results, in agreement with the experiment.
C. Strongly quasiballistic regime
As the grating wavelength decreases, eventually the thermal decay becomes so fast that it is comparable to or greater than relaxation times such that η ω ∼ 1 and Kn 2 ω ∼ 1. Here the assumption made in the modified "two-channel" model is not valid because some phonons in the thermal reservoir are now ballistic. For silicon, this regime occurs at small grating wavelengths ( 0.5 μm) or at cryogenic temperatures. In this case, the BTE solution deviates from the exponential decay and can no longer be explained with any type of diffusion model, as shown in Fig. 1(d) , and a full solution given by Eq. (7) is necessary. We denote this regime the strongly quasiballistic regime. The equivalent decay time is given by ∞ 0 T (t)dt/ T (0), which reduces to the corresponding thermal decay times in the other two regimes above.
D. Suppression function
We now seek to understand how the thermal length and time scales affect which phonons conduct heat in each regime. From our model, we can calculate the spectral thermal conductance, defined as the ratio of heat flux to the temperature difference,
where q ω (x,t) = g ω (x,t,θ)v ω cos(θ )d is the spectral heat flux. In this way, we remove any spatial and temporal factors and can directly compare the heat flow induced by a unit temperature difference for each phonon mode. Substituting Eq. (4) into Eq. (12), we derive a general expression for the spectral thermal conductance,
where σ f = k ω /(λ/2) is the Fourier thermal conductance. The term in the brackets, equal to the ratio of the BTE thermal conductance to the Fourier thermal conductance, was previously termed the suppression function S(Kn ω ,η ω ) by Minnich [3] . Now let us examine the thermal conductance in the two quasiballistic transport regimes discussed above, shown in Fig. 2 . We compare the thermal conductance calculated by the Fourier's law, weak BTE, and full BTE solutions.
In the weakly quasiballistic regime, where Kn brackets of Eq. (11) . In this regime, Fourier's law overpredicts the heat flux but the weak BTE solution still accurately describes the spectral heat distribution. From Fig. 2(b) , we see that the heat contribution from low-frequency phonons is suppressed compared to the Fourier's law prediction.
In the strongly quasiballistic regime [ Fig. 2(b) ], the weak BTE solution does not accurately explain the spectral conductance and we must instead use Eq. (13) . The full BTE solution predicts a more gradual suppression than the weak BTE solution for those low-frequency phonons whose relaxation times are comparable to or greater than the thermal decay time . This discrepancy is due to the correction term η ω + 1, which approaches its maximum value at low frequencies and reduces the suppression effects. Rewriting η ω into ω /(v ω ) in Eq. (13), we find that our new suppression function decreases as 1/ ω in the long MFP limit, in agreement with the ballistic limit of the BTE [1] , while S weak (Kn ω ) predicts a steeper slope, 1/ 2 ω , which is inconsistent with the ballistic limit. Therefore, our new suppression function provides a more accurate prediction of the heat flux suppression over the entire spectrum of phonons compared to the approximate approaches in the literature [16, 18] .
IV. APPLICATION
We now show the utility of these insights by demonstrating how our new suppression function may be used to more accurately measure MFP spectra. As proposed by Minnich [3] , the apparent thermal conductivities can be related to the MFP distribution by the equation
where S( ω ) is the suppression function, the phonon MFP ω is the independent variable, and f ( ω ) is the desired MFP distribution. If the apparent thermal conductivities are experimentally measured and the suppression function is known, then the MFP distribution can be reconstructed by solving the integral equation as an inverse problem.
From our analysis, we have already derived the necessary suppression function S(Kn ω ,η ω ) in Eq. (13) . However, this suppression function depends both on the independent variable, the phonon MFP ω , as well as the unknown relaxation time τ ω . To perform the reconstruction, ω should be the only unknown variable.
To overcome this problem, we rewrite τ ω into ω /v ω and assume that the phonon group velocity v ω is equal to the average sound velocity v s . This assumption is justified since for long MFP phonons for which the correction term is important, the group velocity of phonons is close to the sound speed, while for short MFP phonons this term is negligible and the choice of the velocity is irrelevant. The reconstruction is also insensitive to the precise choice of the value of v s . For example, for PbSe, changing v s from 2000 m/s to 1000 m/s causes only a 10% maximum error in the reconstructed MFP distribution. Using this approximation, the suppression function is only a function of the independent variable ω .
To demonstrate the inversion procedure using this new suppression function, we perform numerical experiments in which we obtain the modified thermal conductivities of silicon and PbSe at different temperatures for different grating wavelengths from the temperature decay curves predicted by the BTE. These modified thermal conductivities, along with the suppression function, are then used as inputs for the reconstruction procedure. Figure 3 shows the results for the MFP reconstruction using the general and weak suppression functions.
For materials with a MFP spectrum that is in the range of the experimental length scales, such as silicon at 100 K, the measurements of the apparent thermal conductivities at different grating wavelengths span almost the entire range of the phonon MFP spectrum. In this case, as shown in . The x axis corresponds to the MFP for the distributions and to the grating wavelength for the thermal conductivity data. Fig. 3(a) , both the weak and new suppression functions yield satisfactory results. However, phonon MFPs vary by orders of magnitude and some part of the spectrum may be inaccessible to experiment. For example, the smallest MFPs of silicon at 500 K are around 10 nm and the smallest MFPs of PbSe at room temperature are around 1 nm. These length scales are too small to be accessed with present experimental methods, meaning the MFP distribution at small length scales must be extrapolated from measurements at larger length scales. Such an extrapolation requires evaluating the suppression function at large values of the argument, precisely in the range where the correction term to the new suppression function is important. As shown in Figs. 3(b) and 3(c) , our new suppression function yields more accurate results at short MFPs while the weak suppression function overpredicts the MFP distribution.
V. SUMMARY
We have analyzed thermal transport in TTG using a new analytical solution to the frequency-dependent BTE. We identify the thermal decay time relative to the relaxation times as a key nondimensional parameter that separates two quasiballistic transport regimes. If the thermal decay time is much larger than relaxation times, a modified diffusion theory is the formal solution of the BTE, providing theoretical justification for prior interpretations of experimental observations of quasiballistic transport. Further, we demonstrate how MFP spectra may be measured more accurately using our new suppression function. Our results will lead to a better understanding of phonon heat conduction in solids like thermoelectrics.
